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Abstract-This paper deals with the derivation of the Gibbs equation for a nonviscous gas in 
the presence of heat flux. The analysis aims to shed some light on the physical interpretation of 
thermodynamic potentials far from equilibrium. Two different definitions for the chemical potential 
and thermodynamic pressure far from equilibrium are introduced: nonequilibrium chemical potential 
and nonequilibrium thermodynamic pressure at constant heat flux cl and nonequilibrium chemical 
potential and nonequilibrium thermodynamic pressure at constant J = Vq, where V is the specific 
volume. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The classical formalism of nonequilibrium thermodynamics is based on the local equilibrium 
hypothesis: out of equilibrium, a system is assumed to depend locally on the same fundamental 
fields as when it is in equilibrium. This leads to a formal structure which is identical to that of 
equilibrium: temperature, pressure, and chemical potential are well-defined quantities keeping 
their usual meaning, thermodynamic potentials are obtained through Legendre transformations, 
and all the equilibrium thermodynamic relations maintain their validity. 
In recent decades, a new formalism, known as extended thermodynamics (E.T.), has been 
proposed [l-3], which chooses some dissipative fluxes as fundamental fields in addition to the 
traditional fields of classical thermodynamics. When this extended theory is adopted, the state 
equations and thermodynamic potentials depend on the fluxes, and therefore, differ from their 
analogous local-equilibrium expressions. A natural question arises, concerning the physical mean- 
ing of these quantities when phenomena far from equilibrium are considered. 
In this work, this problem is approached for materials which require for their description the 
use of the heat flux as an independent variable, such as plasmas, ultrarelativistic fluids, hydro- 
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dynamics of phonons and photons, superfluids, hydrodynamical models for the charge transport 
inside semiconductors, etc. For the sake of simplicity, the approximation of nonviscous gas is 
made. In previous papers [4,5], the behavior far from equilibrium of nonviscous gases and fluids 
has been investigated. In [4], the case of a dilute gas whose evolution time of the heat flux is 
high while the evolution time of the stress deviator is zero has been considered: the expression, 
far from equilibrium, of the thermodynamic pressure 7r, defined as the derivative of the specific 
entropy with respect to the specific volume times the temperature, has been studied. A com- 
parison with the microscopic theory has been also made: in a second-order approximation, the 
expressions obtained are identical with those obtained in [6] using information theory. 
It may be observed that in the study of nonequilibrium phenomena, different nonequilibrium 
variables can be used. In particular, in a theory in which the evolution time of the heat flux is 
high, both the heat flux q and the quantity J = Vq can be chosen as nonequilibrium variables, 
V = l/p being the specific volume, which is more useful than q in the microscopic interpretation 
of the quantities which appear in the theory [3,6]. 
In this work, it will be shown that, in nonequilibrium processes, different Gibbs equations can 
be adopted, and different possible definitions are introduced for the chemical potential and ther- 
modynamic pressure. This must in no way be considered strange, because even in thermostatics, 
different definitions are introduced for some quantities, whose usefulness depends on the specific 
conditions of the physical process involved. The case of specific heat is typical. 
This problem is approached in the case of a nonviscous gas in the presence of high values of 
heat flux, studied in [4]. Two different nonequilibrium generalizations of the Gibbs equation are 
obtained, and two different definitions for the chemical potential and thermodynamic pressure 
far from equilibrium are introduced: nonequilibrium chemical potential and nonequilibrium ther- 
modynamic pressure at constant q and nonequilibrium chemical potential and nonequilibrium 
thermodynamic pressure at constant J. 
2. A BRIEF RECALL OF EXTENDED 
THERMODYNAMICS OF NONVISCOUS GASES 





A = .,i,ij,ijk ,... (2.1) 
In these equations, the quantities PA are the moments of various order of the phase density of the 
kinetic theory of gases [7], PAk are the fluxes of the fields PA, which in this theory are just the 
moments of successive order, and PA are the productions. In E.T., the central moments are often 
chosen as independent fields instead of complete moments. Denoting with f the phase-density 
function, with m the atomic mass, with ui the velocity, and with Q the peculiar velocity, the 
total and the central moments Pijkl and bijkl are defined as 
Pijkl = 
s 
T7HLiUjUkUlf dc, bijkl = 
s 
m&CjCkc~ f dc. (2.2) 
In this work, only the first 13 moments will be considered: i.e., the mass density p, the momentum 
density pi = pu;, the momentum flux density pij, and the energy flux density pijj/2. In the 
following, we will denote with E = (l/2) bll the internal energy density and with qi = (l/2) plli 
the heat flux. We will suppose the gas in an inertial frame and in the absence of external forces; 
further we will suppose valid the material objectivity principle. 
In rational extended thermodynamics [2], a generalized nonequilibrium entropy density h = 
h(pA) and a nonequilibrium entropy flux density hi = hi(pA) are introduced, such that the 
entropy production 0 is supposed nonnegative for every thermodynamic process. Constitutive 
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relations for the nonfundamental fields are introduced and the consequences of the entropy prin- 
ciple are explored using the Liu methods of Lagrange multipliers [8]. 
Let us now suppose that the gas is nonviscous. In [9], it is shown that, under the only hypothesis 
that the generalized entropy h is a convex function of the field variables, we can formulate a 
nonlinear theory able to describe the behavior of a nonviscous gas even in the presence of highly 
nonlinear phenomena, which takes only p, vi, E, and qi as independent fields. The evolution 
equations for these fields can be obtained solving the first 13 balance equations (2.1) with respect 
to the material derivatives of the central moments, and neglecting the evolution equation of the 
stress deviator (see also [4,10]). 
This model can be obtained from the extended thermodynamics with 13 fields by Liu and 
Miiller [ll], imposing that the generalized entropy h is independent of the stress deviator. Con- 
sequently, in this nonviscous model, the entropy density h depends only on the mass density p, 
the energy density E, and the heat flux q; the energy density differential dh must satisfy the 
following equation [4]: 
dh=;Idp+hEdE+iidqi; (2.3) 
the quantities A, A,IJ, and i\i are the Lagrange multipliers associated to p, E, and qi, which are 
introduced analyzing the consequences of the entropy principle using the Liu procedure [8]. In [4], 
using the Liu method, it has been shown that the generalized entropy h must also satisfy the 
following equation: 
h-pii--&(E+P)-2iiqi=0, (2.4) 
where p = i&1/3 is the pressure. 
3. GIBBS EQUATIONS IN EXTENDED 
THERMODYNAMICS OF NONVISCOUS GASES 
First, we introduce the following quantity: 
(3.1) 
which, near equilibrium, can be identified with the local equilibrium absolute temperature T. 
Various authors, e.g., [3,12,13], have proposed that the quantity 8 is the absolute temperature 
which is actually measured in nonequilibrium states instead of T, and have called 0 the Qonequi- 
librium temperature”; others have not ascribed any physical meaning to this quantity. In this 
work, we will choose 0 as a useful fundamental field, instead of the internal energy density E, 
independently of its physical interpretation. As we will show, using this quantity, the physical 
meaning of the constitutive functions appearing in this theory can be better investigated. 
Consider first equations (2.3) and (2.4); introducing the specific energy e = E/p and the 
equilibrium specific entropy nc = ho/p, denoting with Ac the equilibrium part of the Lagrange 




As we see, these expressions are just the Gibbs equation and the equilibrium chemical potential 
of thermostatics; consequently, (2.3) and (2.4) can be interpreted as nonequilibrium expressions 
of these quantities. 
We observe that in the study of nonequilibrium phenomena, different nonequilibrium variables 
can be used. In particular, in a theory in which the evolution time of the heat flux is high, we 
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can choose as nonequilibrium variables both the heat flux qi and the quantity Ji = Vqi, V = l/p 
being the specific volume. In [4], it has been shown that the use of the quantity Ji is more 
useful than qi in the microscopic interpretation of the quantities which appear in the theory [3,6]. 
We will now show that, in nonequilibrium processes, different Gibbs equations are present, and 
different possible definitions are made for the chemical potential and thermodynamic pressure. 
Choose first as independent variables p, E, and qi and introduce the quantities 
1 * ah -=AE= a , 
e [ 1 PA 
Using (3.4), relations (2.3),(2.4) can be rewritten 
dh=; [dE-pqdp+&dqi], (3.5) 
Pq = 4 - e $ + $ (p + 2eAiqi). 
Denoting with v = h/p the nonequilibrium specific entropy, and introducing the quantity 
Tq = p + 2OXiqi, (3.7) 




Note that this expression is formally identical to expression (3.3) of the equilibrium chemical 
potential ~0. In fact, in this expression the equilibrium temperature T is substituted by the 
nonequilibrium quantity 8, while the pressure of thermostatics p is substituted by the term 7rq, 
sum of p and of the term 0&qi. 
In order to single out the physical meaning of this quantity 7rqr consider now the entropy density 
differential dh as written in (3.5); using the expression of pq, we obtain 
9 cl7 = dt + nq dV + $ t9& dii. (3.9) 
‘. 
This relation ls one of the possible generalizations to processes far from equilibrium of the Gibbs 
equation of thermostatics in a nonviscous gas. 
Differentiating equation (3.8) and substituting into (3.9), the following differential relation is 
obtained: 
d~q=Vdrq-rldB-W&dqi. (3.10) 
If we interpret 8 as nonequilibrium temperature, (3.9) and (3.10) allow us to interpret bq and 7rq 
& nonequilibrium chemical potential and nonequilibrium thermodynamic pressure at constant 
heat flux qi. 
Now we will study the nonequilibrium Gibbs equations using the quantity Ji = Vqi as inde- 
pendent variable, rather than the heat flux. We consider equation (2.3); using the variables p, 0, 
and Ji, and introducing the quantity 
PJ = -e(A+;\iJi), 
equation (2.3) can be written as 
dh = f [dE - ,.LJ dp + @pii dJi] . (3.12) 
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Consequently, the quantity /.JJ can be interpreted as nonequilibrium chemical potential at con- 
stant Ji. 
Now, remembering relation (2.4), the nonequilibrium chemical potential at constant Ji can be 
written 
/AJ = e - 6%) + ; + eiiJi. (3.13) 
Introducing the quantity 
7r J = p + efiiqi (3.14) 
relation (3.13) becomes 
pJ=-eA=r-eq+~. (3.15) 
As equation (3.8), this expression too is formally identical to (3.3); in this case, the equilib- 
rium temperature T is substituted again by the nonequilibrium quantity 8, while the pressure is 
substituted by the term KJ. 
We consider once again the entropy density differential dh, furnished by (3.12); using the 
expression (3.13) of pJ, we obtain 
(3.16) 
This relation, formally identical to (3.9), is the second possible generalization to processes far 
from equilibrium of the Gibbs equation of thermostatics. 
We see therefore that two different generalizations of the Gibbs equation are possible far from 
equilibrium, which can both be useful in different physical situations. We consider, for example, 
an adiabatic process (dn = 0). We can consider two different nonequilibrium stationary situations: 
if we maintain constant the heat flux qi, from relation (3.9) we deduce 
de + ng dV = 0, (3.17) 
while, if we maintain constant the quantity Ji, from relation (3.16) we deduce 
de+?rJdV =O. (3.18) 
From these equations, we conclude that, in an adiabatic process, in which the heat flux qi is 
stationary, as a consequence of a change of volume, not only the equilibrium pressure, but the 
whole quantity %, which is the sum of p and of 28&qi, contributes to the change of internal 
energy, while in an adiabatic process, in which Ji is stationary, as a consequence of a change of 
volume, the quantity rJ, which is the sum of p and of BXiqi, contributes to the change of internal 
energy. In stationary nonequilibrium processes, in which dqi = 0 or dJi = 0, the correction terms 
in the expressions of 7rq and KJ ought to be evidenced. 
Finally, we obtain also the equation corresponding to (3.10). Differentiating (3.15) and substi- 
tuting in (3.16), we get 
d/&J=VdvrJ-?jdde-&dJi. (3.19) 
We conclude this paper determining the relation between the nonequilibrium thermodynamic 
potentials which have here been obtained. Using relations (3.8) and (3.14), we obtain 
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